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ABSTRACT 


This paper presents three algorithms for minimum cost synthesis 
of an oriented communication net. The realization technique is 
developed using the min-cut max-flow theorem. The algorithms are 
able to handle higher order terminal capacities compared to previous 
methods. Necessary and sufficient conditions are given for the 
application of the algorithms, which are suitable for computer 


implementation. 





TABLE OF CONTENTS 


ibs INTRODUCTION --—---|-]|=—=---]---]----------- a 
Pe THeRnnOA, DIVELOPMM@Mm - —-—------—---~~4..- 6 
A, PROPERTIES OF TERMINAL CAPACITY MATRIX - -- eS 6 

B, THE MAXS=FLOWMENECUT THROREM ------~.—~.--- Wi 

C. SYNTHESIS OF NONORTENTED COMMUNICATION NET ----- 8 

1. Method of Elementary Matrices --«-+--e----- 12: 

2. Method of Successive Expansion -----—---- 15S) 


3. Decomposition of Terminal Capacity Matrices- - -— l’7 


III, SYNTHESIS OF ORTENTED COMMUNICATION NET -------- 20 
A. SYNTHESIS OF TERMINAL CAPACITY MATRIX IN 

THREE-$NODB CASH =-\|©—=<=--e-e-ee-- eee - - - 20 
B. SYNTHESIS OF TERMINAL CAPACITY MATRIX IN 

FOUR NODE=CASH =e -je ee eee ee ee ee ee HK au 

1, Algorithm A ---------- Se os eo5oe 26 

2. Algorithm B ----=]|=------------- 3h, 

3, AlgorithmC ------------------ aL 


4, Dominant Submatrix Partitioning of T Matrices- - 44 


5 Flow Chart for Computer Programming ------ 48 
It, | Oe SSS == Se hog 
PS hE CL? 6 6 = ne ne 50 
Die Uem erro! en ...------~_~..----- =a 
FORM DD 1473 -------------- - ee ee ee HK - e 52 





ACKNOWLEDGEMENT 


The author wishes to express his appreciation to Professor 
Shu-Gar Chan for the invaluable aid and councel which he has 


offered during the preparation of this thesis. 





©, C<NTRODUCTION 


The application of the theory of graphs to the analysis of 
communication nets is natural in the sense that one may consider the 
various stations of a communication net as vertices and the channels 
of communication net as branches (lines drawn between these vertices). 
Every branch has associated with it a nonnegative number called 
the branch capacity which indicates the maximum amount of information 
that can pass through the branch. A communication net must have 
large enough branch capacities such that all message requirements 
can reach their destinations simultaneously. 

in many practical applications, the maximum allowaple communication 
from station i to station j and the maximum allowable communication 
from station j to station i may be different. For representing such 
a system, oriented branches must be used, resulting in an oriented 
graph, Therefore, the branch capacity matrix and the terminal 
capacity matrix become assymmetrical. 

The purpose of this paper is to investigate a synthesis method 
for oriented communication nets. The necessary conditions and a 
realization method for up to three-—-by—three matrix are given by 
Tang and Chien [2]. The necessary conditions and realization methods 
for four-by-four matrix are presented in this paper. These ideas 
may easily be extended to higher-order cases. _ The method given here 
is based on the max-—flow min-cut theorem [7] and can be adapted for 
computer solution. Related flow chart for computer programing will - 


be given later in this paper, 





II, THEORETICAL DEVELOPMENT 


several authors have worked on communication nets and terminal 
capacity matrices, Methods for the synthesis of oriented or 
nonoriented communication nets are given in references [2, 3, 5, 6, 
mo LO, 12]. Properties of the terminal capacity matrix, the 
max~flow min-cut theorem and several methods for analyzing communication 


nets are presented in this section, 


A, PROPERTIES OF TERMINAL CAPACITY MATRIX 
le Oriented Communication Net 

The terminal capacity matrix is always partitionable into 
submatrices and submatrices on the diagonal are again partitionable 
until each submatrix becomes a one=by-one matrix. 

THHOREM 1 [1]. Partitioning of a terminal capacity matrix, if 
ty corresponds to a minimum cut 5, cutting all directed paths from 
subgraph A to subgraph B, and if bo corresponds to another minimum 
cut So cutting all directed paths from A, to Ap (both subgraph of A), 
then S5 cannot be a minimum cut of any two subgraphs of B wmless 
to=t, and if So is also a minimum cut cutting all directed paths 
from some Bz to By (both nonempty subgraphs of B), then there exist 
at least two more cuts with the same minimum value t. 

THEOREM 2 [1]. Let t,,(4,3-1, O. Gea eee, ee TF oe Dewan 


and DN pee eyo o> esecg Nly ifj 





= 


THEOREM 3 [1]. TT! is the terminal capacity matrix of graph 


! ae 
G and T’ is the terminal capacity matrix of graph cae Let, 


Pp) 
iI 


G' +G' (in terms of edge matrices) (2—2) 


and 


Tat yp" | (2-3) 


Then T is the terminal capacity matrix of graph G if and only if 
for each ordered node pair i and j there exists a cut for all three 
graphs G, G' and G. 
2. Nonoriented Communication Net 

A terminal capacity matrix of a communication net igs always 

partitionable into the submatrices as in oriented case. 
The maximal—flow capacity from node i to node j is equal to 

the maximal~flow capacity from node j to node i. 

CORROLLARY 1 [1]. Let S be the minimum cut-set which 
separates graph G into subgraph ay and we the terminal-capacity t is 
not changed when all edges in C are shorted, provided that i andj 


are both in G'. 


Be. THR MAX-FLOW MIN-CUT THEOREM 

The max-flow min-cut theorem is formulated by Ford and Fulkerson [7]. 
It can be used to obtain maximum flow in a network. 

THEOREM 4 [7]. For an oriented network the maximal-flow from 
node ny to node no is equal to the minimum cut, which cuts all directed 


° 


4 15. Ny 


For finding maximal flow of an oriented network, the following 


paths from n 


procedure may be used with the aid of the theorem given above. 





- 


a) Select a pair of vertices. Determine a path such that all 
forward edges are not saturated (f<c) and all reverse edges have 
nonzero flow. Repeat it if f=c. 

b) Let Af, be the minimum of all the differences (c-f) for foruard 


edges and Af, be the minimum of all the differences for reverse edges. 


2 
Increase the flow of the forward edges by an amount Af = min(af,,af,); 
and decrease the flow of reverse edges by an amount Af. 


c) Repeat (a) and (b) until no more paths exist as described 


in step (a). 


C. SYNTHESIS OF NONORIENTED COMMUNICATION NETS 

Several authors have investigated methods for realizing nonoriented 
communication nets. In this section, the method of Mayeda [3], Wing 
and Chien [5], Gomory and Hu [6] will be briefly presented. 

Mayedats method is based on the realization of communication nets 
using a branch capacity matrix which is obtained from a terminal 
Capacity matrix. The realization is accomplished by partitioning 
the terminal capacity and the branch capacity matrices properly. 

Suppose that the terminal capacity matrix of a communication net 


is partitioned as 


qe T (+4) 


Zale all (2-4) 
GED 
i 
Let Ny and No4 be the subnets corresponding to T 


Partition the branch capacity matrix in the following form 


4 and To4) respectively. 


Cat ' &(41) 
C= — = (2-5) 
C044) 1 OY 





>= 


It can be seen that the rows and the columns of (,, C4) and Oa) 
have the same arrangement as the rows and the columns of Ty, Toa? 


and (tay, respectively, the branches whose branch capacities appear 


ie (aes) are those which are connected between any vertex in Ny and 
ape ex in Nat’ somie t ae T(t4) is equal to the sum of all 
elements (branch capacities) in C(t4)° 


t, = Sum of all elements in 7c) (2-6) 


Let a principal partitioning process be applied to the resultant 


submatrix To4 in Eq. (2-4). 


ay 


Paz} 9¢42) 1 Cttdap 
C = Clo) | C, 144), (2-8) 
(tt) a “(tt) 9 1 . 


where the rows and columns of C_,, C,, and C(40) in (2-8) have the 


Same arrangement as the rows and columns of T i 


gee 2” 


and T(t) in 
(2-7), respectively. 


to is equal to any element in T to) and can be written as 


t, = Sum of elements in C (to) + min (Sum of elements in C(t1) 5? 


Sum of elements in C;+,, ) (2-9) 
(41), 





ad 


Let v(c,) be the sum of all elements in the submatrix C,. Then 


(2-9) can be expressed as 


ty = V(C (toy) + nin {V(Cc44)_,)» V(Crt4yn)f (ae) 


Suppose a principle partitioning process is applied’ to T in 


eur) 
rap (3) 1 
6% as (#2) | Ge 
ie a 
(4) ! Ty 


Let the branch capacity matrix in (2-8) be partitioned as 


Sas___1 9(45) 1 S¢tayas | Octr)as 
Y(t3) 1°31 M(bay3 | %(64)3 

oF sal (ia br eee oe > a) 
°(e2)a5 | Cra) C2 1 Ce) 





C(t 1)a3 | C(t4)5! C(t4)0 al 


Let N., N,, N- and N_, be the subnets consisting of the vertices 


2 ee a4 


associated to the rows (and the columns) of T , and 


1) eae a3 
respectively. Also let (S33), and M(S3)> be the subnets obtained 


from the net N by removing every branch in the corresponding cut set 


S, of t, where M(S3), contains Nz and N(S;3), contains N,. The 


subnets N, and N, can be in either N(S;), or N(S3) 5. Hence N(S;), 


and N(S is the one of the following four subnets. 


3) 2 


1) (Sz), contains N_, and M(S3). contains N,, N, and N 


Sih 
and N(S3) 4 contains Ny, and N 


ad 


2) M(S3), contains N_, and N 


a ee Si 


10 





3) N(S3), contains Nz, N,, and N(S3), contains N, and Nz. 
4) MS), contains Nl, and N,, and N(S3)> contains N 


» N Only 


ie! 3 


Thus the corresponding cutset S, of t, is one of the following four 


y) y) 


cutsets. 
Case 1) S, consists of the branches which are connected between 
3 and any vertex in one of Ny» Ny, and ee 


consists of the branches which are connected between 


any vertex in No 


CASE 2) S, 


any vertex in either N. Or Ny and amy vertex in either N, or N.. 


3 2 y) 


CASHES) S, consists of the branches which are connected between 


any vertex in either Ne or N, and any vertex in either N, or N,. 


3 2 1 p 


CASE 4) Sq consists of the branches which are connected between 


any vertex in any one of N N, and N, and any vertex in N 


aoe (I 2 8 


The branch capacities of the branches, which are connected between 

any vertex in M(S3), and any vertex in M(S3)o, are the elements in C at 
the intersection of Set-1 and Set-2. Set-1 is the rows representing 
the vertices of M(S3), and Set-2 is the columns representing the 


vertices of N(S;) Therefore, the cutset 5. [mentioned above in 


a. 
CASE 1] is the set of elements of C which are the intersections of 


the rows of Caz (representing the vertices in Nz) and the columns 


of C,, C, and Cz (representing the vertices in Ny, No, and Nz) in 


(2-12). 


wits.) = V(C($3)) + W(C(to)a0 + V(C (44) 03) (2-13) 


The cutset Sy [mentioned above in CASE oA is the set of elements of C 


which are the intersections of the rows of C3) and Cy (representing 


and N,) and the columns of C, and C, (representing 


2 g 


the vertices in No 


3 


the vertices in N, and Nz) in (2-12). 


11 





Ee ee — 


o>- 


v(s,) a V(S(+3)) i V(C(t0)a3) = WC (44)3) a W(Cr+4),) (2-14) 


Likewise the‘values of S, and 5, (mentioned above in CASE 2 and 


CASE 3) are 
VW(S.) = VC (t3)) + WC, 5) + MCC (45)5) + wpa GP (2-15) 
W(Sq) = V(C(t3y) + V(Cle2) 5) + WC(+4),) (2-16) 


ts is the minimum value of v(S.), v(S,)> v(s.) and V(Sa)s ts is equal to 


ts 2 V(C(+3y) + min 1V(C(+0) 03) + V(C(44)93)? V(S(t0) 43) + V(C(t4)) 
i Vet, 0) V(t a3? u V((t0)3) i VC(44)5)3 V(C(t2)5) 


+ V(Cle1)5)} (2-17) 


From (2-17) V(C(t3y) can be find and also the subgraph N, can be 
formed. 

We can apply the principal partitioning process to T.3 in (2-11), 
and by continuing the same procedure the branch capacity matrix can 
be obtained. The number of the steps depends on the order of T. 

1. Method of Elementary Matrices 

The method of elementary matrices [1], [5] requires a maximum 
of 4n(n-1) branches, where n is the number of nodes. Elementary 


terminal capacity matrix can be put into the following form 


a ee ee 

%4 ae 8. n=1 

T = bo ¥ ie ce yee ea 
t t t t aes Wemre, <a 


n=1 n=1 n=1 n—1 


where ty 2%, ae Zo eccccccccoee = ty4 





——— aie 








o> 


Every elementary terminal capacity matrix is guaranteed to be 
realizable [3]. 

Figure 2-1 realizes an elementary terminal capacity matrix of 
order n with minimum total edge-capacity. 


ites terms! Capacisy Matrix T of order m is partitionable as 


See ee Se Oe ras a Oe 
t bo o ee to : (2-19) 
Ceotewe > 3. t, 
; i 
@e @ e @ @e @ } 2 
@ g e e e e | 
1 
at; iG e e e ate | 
O oO | 
} 
where t =min. . (t..) and T, and T, are elementary terminal-capacity 
0 13J 1) 1 2 


matrices of order k and n-k respectively, T can be realized by a net 
as shown in Fig. 2-2. The two "linking" branches a and b can be 
placed between any two pairs of nodes. If the T matrix is partitionable 
abehee) Tas D5: ieee ie elementary terminal-capacity matrices, 
realization is shown in Fig. 2-3. The number of branches required 
for this realization is at most 2n—p-2, where p is the number of 
elementary terminal-capacity matrices in a given T. 

Example 1. The realization of following terminal capacity 


matrix 1s given in Fig. 2-4. 





G)14 1214 444 4 

4 @12:4 -4 444 

1212 Oi4 444 4 

| 
ie 4 4 41@ 10 \ 6 (2-20 

$4 4110 Ole 6. 

4 4 416 6@e 

rr er OD) 

4 4 416 6,6 6 











115 


Cae eee isi 


Fig. 2-2 Combination of Elementary Nets 


tor 
2 






Fig. 2-3 Realization Through Combination of Elementary Nets 


14 








Fig. 2-4 Realization of Eq. (220) 


2. Method of Successive Expansion 

The method of successive expansion [5] employes relatively few 
edges. The number of edges required by this method is exactly P'4n-1, 
where P' is the index of partitioning and n is the number of nodes. The 
index of partitioning is the number of operations necessary to 
partition the matrix T into a form in which every diagonal submatrix 
is either of order two-by-two or one-—by-one. 

In this method, first, the diagonal submatrices of the first 
partition are treated as nodes to form a ring, with each ring element 
equal to 4 5? half of the capacity of first partition. To realize 
each diagonal submatrix, a new ring is formed and each branch in the 
new ring will have a capacity of at. except one branch, which has a 
capacity of a(t,-t) and this branch is shared by the new ring and 
the original ring as shown in Fig. 2-5. Hach submatrix is treated 
as above except one case in which the submatrix is of order two so 
that the two branches of the new ring may be combined to form one 


branch. 


15 








ia 
e 
Fig. 2-5 Combination of Ring Structures in the Process of Realization 


Example 2. Realization of following terminal capacity matrix 


ie given in rig. 2-6. 





@ 8 6) kh & & 
8 @ & bee ky 
> (Ogee ial: 
| 
4 4 4.110 © 6 
Yh 4D 6 6 @ 
Pale los yh 
ee By 
5 3 





(b) 


Fig. 2-6 a) Realization of diagonal submatrices. 


b) Realization of T matrix. 
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3. Decomposition of Terminal Matrices 


With the method of decomposition of terminal matrices [6] 


the terminal capacity matrix can be written as 


Se cee (2-22) 


4 


where Ce is uniform element in T and it is equal to the minimum 
element of ts ae Zero elements of q, indicate where the minimum 
9 


cut-set will be in the realization of T,- Minimum cut sets of the 
realization of i correspond to the minimum cut-sets of the realization 


or Ty. T matrix can be written the sum of uniform matrices, as - 


T = da (2-23) 


1 


The Ty's are realized and combined in such a way that all their 
minimum cut-sets correspond to each other, 
Example 3. We shall realize the following T matrix with the 


method described above. 


(2-24) 
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(2-25) 








(2~26 ) 





(2-27) 





(2-28) 








matrix is given in Fig. 2-7 and realization 


us 


Realization of each T 


of the T matrix is given in Fig. 2-8, 
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@ 
2 
@ ¢ 
(a) (b) 
15 gran 
©) © 
1.5 1.5 
® Q@ ® 
(C) (d ) 


Fig. 2-7 Realization of 1 ine ae Ty, ino), a in (c) and TD, 


ae) 





Fig. 2-8. Realization of T matrix 
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ITI, SYNTHESIS OF ORIENTED COMMUNICATION NET 


Several methods are investigated by Resh [8], Frisch and Sen [9], 
Tang and Chien [2], Hu and Gomory 112], Chou and Frank [10] for 
realizing oriented communicasion nets, The method of Tang and Chien is 
given in the next section. It applies to a three-by-—three terminal 
capacity matrix, In this paper the technique for the realization of 
a four-by-—four terminal capacity matrices and its extension to 


higher-order texiinal capacity matrices will be given. 


A. SYNTHESIS OF TERMINAL CAPACITY MATRIX IN THREE-NODE CASE 


The terminal capacity matrix is partitioned as 


ee boy ; met (3-1) 
51 1 ¥32 


It can be written as the sum of two matrices, T' and Ais 


Tae T' 4 7 
Cc 


-~=--r--7--- eg ee 
vo ||| a eee ; pr = It, '@!4 
: ee 25) * tit 
i san me a eee 
t t j 
to, ' tt, t,1t,! 
eu 321 © ee 2a 
? * ‘ 
where ti = ty ae © for a Fs] 


20 





or 


To realize T', we first realize the two-by-two submatrix (containing 
nodes 1 and 2) as in Fig. 3—1a, Since the first row in T contains 
Zero entires the only connection between the subgraph shown in 
Fig. 3-la and node 1 should be from nodes 2 and 3 to node 1 as shown 
in Fig, 3<1b with branch capacities x and y. In order to realize T' 
as in Fig. 3-1b the ee cut requirements for T must be satisfied, 


We can obtain the following equations, 


min | (x+y), (x+th,) | = th, (3-2) 
min [ (x+y), (y+th,) | = th, (3-3) 
x = max | (t3)-t35)5(th4-9) | (3-4) 
y = max (th 4-855) 9(t54-*) | (3-5) 


If we represent equations (3-4) and (3-5) on the x-y plane, we obtain 


two curves as shown in Fig, 3-2. The intersection of these curves is 


Ppmaaie: i 
(Xo so) where, if t24 2 to4s 


t t 
0) = Vege “ae (3-6) 
t t t t t 
Yq = max | (t5-to)s(tey-toyttas) | (3-7) 
é t t 
it ta < Voas 
t t t t poe 
Xp) = max | (tp 4-ty5) »(toq-tyyttyo) | (3-8) 
' t 
Yo = z4-bz0 (3-9) 


21 





i> 


The realization of constant matrix a is a graph with constant 


cuts. It is either a cycle oriented in either direction, or two 


cycles oriented in different directions, Minimum cuts of T, T and 


I, are idential, then conditions are satisfied in Theorem-3 . 


€ 


te 
127) 


Fig, 3-1, Realization of T' 


3 





Eq.(3°4) 


Fig, 3-2. Curves of Equations (3-4) and (3-5) 


(ae 








Fig. 3-3. Realization of a Constant Matrix 


Example 4. The following T matrix is to be realized: 


T= |3'12)3 (3-10) 
We may write: 


TeT'+T, = 1@1)+ |2@2 (Gai 


t 
The realizations of T and Ty are in Fig. 3-4a and b, The final 


Bealigauven of T is in Pig. 3-5. 





Fig. 3-4. Realizations of 7 and qo matrices 








—_— — . pees 








Fig. 3-5. The final realization of T matrix 


i) 


B. SYSTHESIS OF TaRMINAL CAPACITY MATRIX IN FOUR=NODE CASE 
The terminal capacity matrix of an oriented comnunication net 


containing four nodes can be partitioned as 


eee oe ee (3-12) 


—t eo 


The form of the realization is given in Fig. 5-6, where ae 4 


24 








Fig. 3-6, The form of the realization of T matrix 


In order to use the algorithms which will be given later in this 
section, the terminal capacity matrix must be in one of the following 


three forms, 


A 


thy Ae bm) KS 28 


t 25 < S a4 ike) oe ga 


Form (2) t 34 <t 


Le < 


Form (1) t 24 


2 © 
tro 3 t4, 4 


Form (3) tz4 < t 25 ; t 


vy0 < tz0 pte wt 


Form (1) can be realized with Algorithm-A to be given later in 
section 3-B-1, Form (2) and Form (3) can be realized with Algorithm-B 
and Algorithm—C to be given later in sections 3-—B-2 and 3-B-3, 
respectively. If the terminal capacity matrix is not in one of 


these forms, its rows and columns may be rearranged and put into the 


form of one of then, 


2) 





o> 


The following conditions are necessary for the realization of a 
four-by-four terminal capacity matrix, using the algorithms given 


later, 


ta 2 ti, + ts, +t 


V2.5 Sat + +t 


tay >t +t 


ty 0 >t +t 


1. Algorithm A 


1) Determine x and y by writing the following equations, with 


the aid of Fig. 3-7: 


t 


34 = min | (xayets), (tty 4+t5 +t,) | (3-13) 


tz5 = min | (xryeth), (yt, 5¢t5) | (3-14) 
Which we obtain 


t 


= max | (-yttsyatyy)s (tg4-ty,-t5,-t,) | (3-15) 


ra 
| 


7 t ' 
y = max | (ert 5-454) (tyo-ty ots) | (3-16) 


2) There are several sets of equations for determining 2 and k, 
choose proper case, use related equations and apply to Fig. 3-8 for 


obtaining z and k, 


ASE 1: 
C l: x+y < Az 


t 


4 = min | (x+ysztk) , (xrarts, ) | (3-17) 


Tyo 


min | (xty+24k), (ytktt, 5) | (3-18) 
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Which we get 


Z = max | (erty my) (4, 4-x-t3,) | (3-19) 
ke = max | (-z4t my), (tyorv-ty 0) | (3-20) 
CASE 2: xty > ty, 
a, x2 th, 
ty, = min | (zekrt 5), (zt, .+t5,4) | (3-21) 
Zs MAX | (“ett gant ys)» (ty 4-tys-th,) | (3-22) 
DO, Xi< ty3 
ty = min [ (z+Krt 5), (cases, ) | (3-23) 
Z = max [ (et 4b) (t,t) | (3-24) 
Ce Yeo 543 
typ = min | (atkrt, 5), (ket tty 9) | (3-25) 
k = max [ (-ztt ports)» (tpt pst) | (3-26) 
da. y< ty3 
tao = min | (zeert, 5), (cty+t, 5) | (3-27) 
k = max | (-24t ort 5), (4 -¥~t49) | (3-28) 


oa 









, ENGile=16 
Selsts, qf } 





machetes X 
ty lat gt, 





Eq (3-15) 








Fig, 3-7. "Curves" of (3-15) and (3-16) 


Eq (3-20) or,(3-26) or, 
(3-28) 





Pa 
Eq (3-19) or,(3-22) or, 
(3-24) 





re. 


or 
trxX- ty 


La 





Fig, 3-8. "Curves" of (3-19) or (3-22) or (3-24) and (3-20) or 


(3-26) or (3-28) 


28 





Proof of Algorithm-A: Assume the form of realization as given 
in Fig, 3-6. Using the max-flow min-cut theorem the following equations 


can be written. 


t 24 = min | Garytztk) , (erztt54), (xayeth 4) 1 (att 4443 att) | (3-29) 
tz5 = min | (aetgrztk)  (ysiert, 9), (xtytt$,) (yet ott) | (3-30) 
ty, = min | (xtyretk) (cert Ne (xtz+t,,), (art) +t th) | (3-31) 
ty = min | (xty+ztk), (ztkrt, 5), (y+k+t, 5)» (rt, s+t,5) | (3-32) 


Algorithm-A applies under the following cases, ta, <tyy and 


and t Then, from equations (3-29) through (3-32) 


tye tz5 < ty 2° 


we can state that 


(a) x+tyt+z+k can not be min-cut for t_, and t_,, because it is 


5 | Be 
i 7k and tyoe 
! : 
(b) xtz+t5, and y+k+t,, can not be min-cut for t,, and tz5 
respectively because they are in t,, and t,, respectively. 


41 42 
Then, the following two equations are obtained from (3-29) and (3-30) 


alone t2 and tz0% 
° t t t 
t 24 = min [ (acay at), (rth, +t ,t4, ) | (3-33) 
‘ t 
tz5 = min | (ayets,) » (vet ot +4) | (3-34) 
We obtain 
i t it 
x = max [ (yt, ty) (tyyoth ty y-t,) | (3-35) 
t t 
y = max [ (att sot 1) 5 (tyo-tyo-ty,) | (3-36) 


We can solve the above two equations for x and y or we may use a 


eraphical solution for obtaining x and y. 
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~~ 


For the determination of z and k, there are two cases to de 
considered; (1) x+y < ts and (2) x+y > tyze These cases will give 
different sets of equations. 


Case-1) when x+y S$ + 39 automatically both x and y s t 


4 43° 


t t t 
< eo Lad es a 
50 Z+EtT 54 Bet yztto1s then SI eas, is eliminated from (3-31). 
Also x+y+Z+k Ss hi ales because Cys 2 x+y, then ZAK 4 2 is eliminated 


from (3-31) because it can not be min-cut for + Thus, (3-31) 


41" 


becomes 
ty, = min [ (ccryztk) ,(zezets) | (3-37) 


We can apply the same logic to the equation (3-32), x+y < t 


43 
soy S$ t,z, then ztkit,, and ktt,,+t,, are eliminated from (3-32), 
where (3-32) becomes 
typ = min | (cryatk) , (yer, 5) | (3-38) 
from which we get 
Z = max [ (ett, ,--9) (ty, -t5,) | (3-39) 
k = max | (-2ttgo-xy) (tyo-¥~t45) | (3-40) 


The solution for x and y is found as before, In order to obtain z and k 
we can use a graphical solution using (3-39) and (3-40). 


Case 2) When x+y >t zy we can eliminate x+y+z+k from 


4 
(3-31) and (3-32) because Sabah eg Cate i then it can not be min-cut 
for tay and type Thus equations (3-31) and (3-32) become 
ty, = min [ (ater ys), (att, gtty,)s(xtert3,) | (3-41) 
tao = min [ (zak 5) (lett att, 9) » (ety +t, 0) | (5-42) 
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- 


In this case x 3 and y = 3? and the right-hand sides of 


5 
43 4 
equations (3-41) and (3-42) are affected as follows: 


x=t.. eliminates sc-z+t. 


13 5, from (3-41) 


— i 
x<t), eliminates Ztt y ztto, from (3-41) 


vy 200 eliminates ktry+t from (3-42) 


43 12 


7, oa 43 Climinates k+t from (3-42) 


43**40 


and each case will give a set of equations for determining z and k, 
Example 5, We shall realize the following terminal capacity 


matrix with using Algorithm-—A, 


T = io 11@ 6 (3-43) 
2 


1) Applying the numerical values to (3-15) and (3-16) the 


following equations are obtained: 


Ps 
1 


max | (-y+7) (2) | (3-44) 
nax | (-x+8) ,(2) | (3-45) 


et 
I 


With the above equations and using Fig. 3-9, x=2 and y=6 are obtained, 


2) x+ty=8 >t+,,=7 then Case-2, also x <+,,=7 then Case 2b 


43 43 


and y <+,,-7 then Case 2d, Applying the numerical values to (3-24) 
and (3-28) the following equations are obtained: 
Z = max | (-1+5), (8) | (3~46) 
k = max | (-246) ,(1) | (3-47) 
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Th aad 


With above equations and using Fig. 3-10, z=8 and k=1 are obtained, 


Realization of T is given in Fig. 3-11. 





Fig. 3-9 Fig. 3-10 





Fig. 3-11. Realization of T matrix in (3-43) 


Bye 





ay 


Example 6, We shall realize the following terminal cavacity 


matrix. 
@) 
4 


T = oe 
8 


5 12 2 
@i2 2 
3) 5 (3-48) 


5 @ 


The terminal capacity matrix can be put into Form-1 with 


(os 


SChanfing row 5 by row 4. 


4 
T = "2B 8 ) 3 (3-49) 
oe el 


—_ 


Realization of (3-49) can be done with Algorithm-A, 


ome 


max | (-y+7) ,(3) | (3-50) 
max | (-x+7) (2) | (3-51) 


af 


x=4 and y=4 are obtained from Fig, 4-12, 


2) x+y=7 >+,,=5 and x <t,, then Case-2b, y< +,, then 


43 43 43 
Case-2d. Applying the numerical values to (3-24) and (3-28) the 


following equations are obtained. 


N 
il 


max | (-k+4) (3) | (3-52) 


ic = max | (~246), (3) | (3-53) 


Z=5 and k=4 are obtained from Fig. 3-13. 


DS: 








He, 3-12 Fig. 3-13 





Fig, 3-14. Realization of T matrix in (3-48) 


2. Algorithm—B 


1) Determine x and z by writing the following equations with 


tae aid of Fig, 3-15: 


tz, = min | (xezet!,), (atts tts tty) | (3-54) 


34 





or 


ty, = min [(xtz4t,4), (zrtpstt5,) | (3-54) 


Which we opotain 


Pq 
Hl 


t 
max | (-24t, rte) W,.-1),7t5,-t4) | (3-55) 
z= max | (xt, -thy), (tyy-ty3td,) | (3-56) 
2) There are several sets of equations for determining y and k, 


choose proper cases and use related equations. Use Fig. 3-16 for 


obtaining y and k. 


CASH=13: xX+z S$ t45 
| tap = min | (xtytetk), (xrytt5,) | (3-57) 
tyo = min | (tyterk), (zret 5) | (3-58) 
from which we get 
y = max | (Hatt ate2), (tyonxots,) | (3-59) 
k = max | (att ypx2), (tyrant, 5) | (3-60) 
CASE-2: x+z > ty, 
ga 1 = bas 
t 25 = min | (yeket, >). (y+t, 5+ aa) (3-61) 
y= max | (skeet sot) (tao-t4 o> 34) (3-62) 
noe <a 
t 25 = min | (vert, 5), (xry+t5,) | (3-63) 
Sia [ (lett sot yp) (taunt, .) | (3-64) 


39 





ct 
i 


42 min | (ytktty 5)» (ett, tty) | 


= max | (-v+t yorty 9), (ty ot ot,5) | 


ry 
| 


ads “Zee t 


ct 
| 


oe min | (ytket 9) » (zsk+t 5) | 


van 
| 


= max | (+t yo-yo)» (typret ys) | 






Xe,Zo EC. (3-56) 


Ua Tz ly 





X 


ty Grtyt Eq.(3-55) 


Fig. 3-15. "Curves" of (3-55) and (3-56) 


36 


(3-65) 


(3-66) 


(3-67) 


(3-68) 










EG (3-60) or, (3- 66) OY y 
(3-63) 


5 
ee E q.(3-5Xer, (3-62)or, 
aad (3-64) 


Fig. 3-16, "Curves" of (3-59) or (3-62) or (3-64) and (3-60) 


or (3-66) or (3-68) 


Proof of Algorithm-B: Algorithm=-B applies in the following 





Cases, ta, aD and Thos ty Pike and tyoe From equations (3-29) 
through (3-32) we can state that: 


(a) x+y+z+k can not be min-cut for tz and ty because it is 


in Te and Syoe 


(b) xy and zt+k+t,, can not be min-cut for t,, and t), 


respectively, because they are in bz5 and ty0 respectively. 


Then the following two equations are obtained from (3-29) and (3-31) 


tie ¥24 and Tay? 
t 24 = min | (tz), (xtt.,, +t, att ,) | (3-69) 
ty, = min | (xeztts4) ane (3-70) 
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from which we get 


1 1 
x = max | (-24t 34-54) (t4-t54-ty4-t,) | (3-71) 


; 
Z = max | (at, ,-t54) (t44-ty5-t>,) | (3-72) 


We can solve the above two equations for x and Z or we may use a 
graphical solution for obtaining x and z, 
For the determination of y and k, there are two cases to be 


considered: (1) x#z 5 +t,, and (2) x4z2> +4 These cases will give 


2 ize 


us different sets of equations, 
CASE=$1, When x+z2 St 


' q ' 
34 soresy and SE ie = KGa otha as then Yrs ott 4 


kets ott) are eliminated from (3-30) and (3-32) respectively. Also 


X+y+Z+k s YHK+t4 5s then y+k+t 


493 automatically x s tao eh@lel, 4S ta oe 


SO y+x+t S y+t and 


4o is eliminated from (3-30) and (3-32) 


because it can not be min-cut for t,, and t Thus, (3-30) and 


42° 
(3-32) become 


ct 
I 


39 = min | (cctyz4k), (ryt) | (3-73) 
tho = min | (atytetk), (ztkrt 5) | G2) 


Which we obtain 


ed 
iI 


max | (-ktt, x2), (t.-x-t,) | (3-75) 


hy 
| 


= max | (“vet one-2), (tyra, s) | (3-76) 


x and 2 are found before. In order to obtain y and k we can use a 


graphical solution using (3-75) and (3-76). 
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nr 


CASH=$2, When x+z > t 59 We can eliminate x+y+z+k from 


1 

(3-30) and (3-32) since x+y+z+k > y+k+t,,. and it can not be min-cut 
i < <= Wi 

for t25 and tye In this case x S t45 and z S bye Following the 


same reasoning given in the proof of Algorithm A, equations (3-30) 


and (3-32) become 


t 25 = min | (ytktt, 5), (yet, tts), (yer s ,) | (3-77) 


tap 


min | (yektt, 5), (+t, o+t 42) (etzt, 5) | (3-78) 


1 
y+t, ott) or J+X+t 2) and KtUs ott ys or oe A are eliminated from 


(3-77) and (3-78) respectively, and each case will give a set of 
equations for determining z and k, 
Example 7. We shall realize the following terminal capacity 


macrix. 


Deals sg 
4 @)i3 3 

T= 130 Ba (3-79) 
8 10!3 


The terminal capacity matrix is in Form-2, then realization 


can be done with Algorithm—B, 


1) x = max | (-2+8), (4) | (3-80) 


N 
WW 


max | (-+7), (4) | (3-81) 
The solution of above equation is obtained from Fig, 3-17, x=4 and 
Fite 


2) x+z=8 > tion, X <t,, and 2 <%,, then Case 2b and d. 
With the numerical values in (3-64) and (3-68), the following equations 


are obtained: 


SY, 





y = max | (-K15), (5) | (3-82) 


ay 
i 


max | (-y+5), (3) | (3-83) 


From Fig. 3-18, y=5 and k=3, Realization of the T matrix is given in 


Fig. 4—1 Sle 





E q. (3-80) Eq. (3-82) 


Blige 5-1/ Fig. 3-18 





Fig. 3-19. Realization of T-matrix in (3-79) 
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3. Algorithm C 


1) Determine x and k from the following equations. 


tee 
x = tayrtoy-tz,-b, (3-84) 
k = tyo-t, gt, (3-85) 


2) Determine y and z by writing the following equations with 


the aid of Fig. 3-20: 


toy = min | (xtyrask), (yHett, 5) (xtyety,) (vet, o4t5,)] (3-86) 
tay = min | (xayaotk), (ztkert, 5), (xtzets,), (2tt, att t54) | (3-87) 
Which we get 


' t 
y = max [ (-att zona) (ty pckety ») s(typ-tet 54) s(tyo-ty ots) | 


(3-88) 


, t 
Z = max | (yt -x-k) ; (ty, -k-ty3) ’ (tay “X-b5, ) ? (ty, Sika Le en 


(3-89) 





Ae K~tys 
Beet 
ve a ; 
trtgta 


Eq. (3-89) 


Eq. (3-88) 


ty trto, 
Fig. 3-20. "Curves" of (3-88) and (3-89) 


AT 





Proof of Algorithm-C: Algorithm-C applies under the following 


cases, t 34 < tz5 and a4? 7 < t25 and taae From equations (3-29) 


through (3-32) we can state that 


(a) xty+z+k can not be min-cut for t,, and t,, because it is 


31 42 


Ld 


Tyee and G 


oe 41° 


' 
(b) ty +t. and x+z+t,, can not be min-cut for $3, because 


34 


they are in t,, and t,, respectively. 


Dye 41 


(c) y+rktt,, and z+k+t,, can not be min-cut for + 


il 4) 42 


are in t and +t 4 respectively. 


32 + 


because they 


Then the following two equations aze obtained from (3-29) and 


(3-32). 
t 24 = x+t. pyri ytty (3-90) 
typ = ketystty > (3-91) 
then 
x = ty yrtoy mts yot, (3-92) 
k = tyo-ty sty, (3-93) 
For the determination of y and Zz, the following equations 
are used, 
tzo = min [ (actytzek), (y#ktt, 5) (xtvtt5,) »(ytt, ott5,) | (3-94) 
ig = min | (xty+2+k), (z+k+t 43)? (xt24+t- ar (z+t, +t ed (3-95) 
Which we obtain ° 


t 
y = max [ (-attsonuck) 4 (tzo-ket, 9) 4(tzpntety 4) (tzoty om +4) 


(3-96) 


42 





’ ee ? 
Z = max [ (vet 4K)» (444-eat 5) 9 (ty yet 54) 9 (t44-ty 5b, ) | 


(3-97) 


x and k are obtained before, then in (3-96) we have three expressions 


t t 
409 tzomxctsy and tzo-ty om ty) 


side of (3-96). Choosing the maximum of the above three expressions 


(tz5-k-t which telong to the constant 
two are eliminated, Also in (3-97) choosing the maximum of the 
constant expressions two are eliminated. After the above simplifications 
two equations are obtained for determining y and 2z. 
Example 8.: We shall realize the following terminal capacity 


Mab Xe 


re [5 @Ol2 2 (3-98) 
8 11 G)5 
eae 


The terminal capacity matrix is in Form—3, then the realization 


can be done using Algorithm-C. 


Ly 2 Ney 
2) y = max | (-2+10),(7),(8),(4) | (3-99) 
2 = Max | (-v+8) ,(4) (6) (2) | (3-100) 


which we can write 


max [ (-z+10) ,(8) | (3-101) 


ed 
i 


N 
i 


nax | (-y+8), (6) | (3-102) 


Bad 


From Fig. 3-21 y=8 and z=6 are obtained, The realization of T matrix 


is given in Fig. 3-22, 


43 








Fig. 3-21 Fig. 3-22, Realization of T matrix 


4, Dominant Submatrix Partitioning of T Matrices 


° 


The realization technique for the low-order case can be applied 
to the higher order T matrix if it can be partitioned, by rearranging 
the nodes, in the following manner: 

a) Each submatrix corresponding to a sub-collection of nodes 
lying along the diagonal line is square, 

b) The row of connection node in each diagonal submatrices 
contains elements with values no smaller than the value of any element 
in the column of T matrix after treating each diagonal xubmatrix as a 
node, where each column corresponds to a node which stands for 
diagonal submatrix, <A connection node is a node in each diagonal 
submatrix which provides connection with the rest of the net, 

c) The column of a connection node in each diagonal submatrix 
contains elements with values no smaller than the value of any element 


in the row of T matrix after treating each diagonal submatrix as a 


44 





node, where the row corresponds to a node which stands for diagonal 


submatrix, 


These conditions are referred to as the "dominant conditions" of a 
Tematrix e € 
A T-matrix satisfying the dominant conditions is realizable 


Tee LL: 


1) Treating these submatrices along the diagonal line as nodes, 
the matrix T is realizable. 

2) Each submatrix along the diagonal line is realizable. 

Kkxample 9: We shall realize the following terminal capacity 


Mai XxX , 





1 1 ° 
T = zor ae (3-104) 


A, B, C and D are the diagonal submatrices in the original T-matrix. 


4) 





The realization of the T matrix is shown in Fig. 3-24, where 
A, B, C and D are the vertices, The realizations of A, B, C and D 
were done in Example 5 through 8 respectively. The final realization 
of the T-matrix is shown in Fig, 3-25. 


The realization of (3-102) can be obtained using Algorithm-C. 


1) x=0, k=1 
2) y = max | (-244) 5 (4) | (3-105) 
z = max | (~y+4),(4) | (3-106) 


From Fig. 3-23 y=4 and z=4 are obtained. 





Fig. 3-24 
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5. Flow Chart for Computer Programmin 


ty tars t,, 8 bas9 
ths tas tas U3 t, 








x<-max((-y+t,,-t!,),(t,-ti-ttet, )) 
ye max( (-x+t,,-t!,), (t,,<t,.-t!, )) 









x<-max((-z+t,,-t3,),(t,,-ts-ti-t, )) 
2<—max( (=x+t,-t$,) (tat ts, )) 








2<-max ( (-k+t, -x-y) ’ (t,-x-t3,) ) 
k<emax((- Ztt, —x-y) » ( t sy-t,) ) 












Ye max((-k+t,=x-2),(t,-x-t4,) ) 


k<max((-y+t, -x-z), (t, -2-t,,)) 






Z<-max( (-k+t, -t,3) p (t, - td) ) ’ (t,,-x-t3,) ) 
ke-max((-z+t,.-t,,), (t-t,-t)5(try-t,2)) 













y<max( (-k+t,-t,,) (tor t.-t4,) 9 (t,-x=t},) 


ke-max( (-yt+t te) 9 (t,t, 2” 13) P (t.- Z=%, 











X<— tz ty tet, 
kt gp tyge tio 


yo-max((— Z+t,.—X=k Dit t, -k-t,0) ait typX-=ts,) » ( tye t = 34) ) 


2<max( (-y+t, -x-k ) 9 (t, -k-t,,) 9 (t n= ty, ed ae 





3 t3; 
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IV. CONCLUSION 


The realization of a terminal capacity matrix with oriented 
branch capacities is very complicated when the number of nodes becomes 
large. The techniques given in this paper will be useful for solving 
more complex communication system problems in practice, The given 
method can be extended to cover higher order cases without difficulty, 
The technique presented is effective for the following reasons: 

(a) The number of nodes in a subnet is increased compared to that in 
earlier methods. (b) Easy for hand calculation. (c) Adaptable to 
computer programing, The following problems are suggested for further 
studies: 

1) To obtain a necessary and sufficient condition which is easy 
to check on a given terminal capacity matrix. 

2) To adapt the realization techniques for the nonuniform 
cost function with minimum cost. 

3) Write a computer program for the flow chart presented in 


this paper. 
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